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2and integration of this dierential equation with the ini-
tial condition W (0) = 1 allows one to simplify this ex-
pression, yielding









With this form of the operator W the chiral condensate
of Eq. (2.2) is seen to be given by the space-time evolu-
tion of a system of light quarks coupled to the current of
an innitely heavy quark. Thus, on the light-cone with
its kinematical vacuum, the dynamics of a heavy-light
quark system determines the chiral condensate. So far,
everything is rather general and applies equally well to
QCD in 4 dimensions. We now specialize to the 't Hooft











































and will take "
+
and  as independent parameters from
now on; due to the subtraction of the free value, the





are the Hamiltonian and momentum operator for the
't Hooft model, respectively.
For evaluation of the chiral condensate, we represent














































In order to compute this correlation function we derive
























we treat the two terms of H
e
(cf. Eq. (2.9)) separately.








(p) can be replaced by their commutator. In the
large N limit, this commutator generates a combination
of the quark self-energy and momentumwhere, following
































The right hand side of (2.14) combines with the remain-
der of the matrix element in (2.13) to yield again C(p; t).







































With this result, Eq. (2.13) can be simplied by replacing











by its expectation value. Here the triviality of the light-




= 1 ; (2.18)
factoring out a step function ( p) from C(p; t) and
changing p into  p, the time evolution of C can nally


































This evolution equation for C(p; t) at short times to-
gether with the initial condition (cf. Eq. (2.12))
C(p; 0) = N (2.20)
determines the condensate. We note that
i
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solves the evolution equation with the correct initial con-
dition. Due to the presence of singularities, C(p; t) devi-
ates signicantly for arbitrarily small times from its ini-
tial value N . Characteristic for the short-time light-cone
dynamics is the infrared singularity which implies
lim
t!0
C(0; t) = 0 6= lim
p!0
C(p; 0) : (2.22)
The short-time behavior for large momenta is the same
in the interacting and in the free theory. It is therefore
3irrelevant for the evaluation of the condensate and we
drop in the following the ultraviolet regulator,
 = 0 : (2.23)
In this case the evolution equation together with the ini-
tial condition implies that C(p; t) (as well as C
0
(p; t))
depends only on the ratio of the variables p and t,
C
(0)
(p; i ) = NK
(0)
(p= ) ; (2.24)
where we have switched to imaginary time. With Eq.




























and the asymptotic behavior of K(q) is determined by
the initial condition for C(p; t),
lim
q!1
K(q) = 1 : (2.26)
We can also determine the infrared behavior of K(q).
Using results for Hilbert transforms of powers (cf. [8]) it







denote the solutions of the 't Hooft boundary
condition






; n = 0; 1; 2::: with 
n
2 [n; n+1] : (2.29)
Thus the (conning) interaction in the 't Hooft model
changes the essential singularity of K
0








to a branch point. This remarkable phenomenon is due to
the presence of the gauge string in the correlation func-
tion C(p; t). For comparison we remark that the same
calculation in the Gross-Neveu model, involving a sim-
ilar large N approximation, yields the non-interacting
form of the correlation function with the fermion mass
modied by the interactions.
For the general case, we have not been able to ex-
press the solution of Eq. (2.25) via the Mellin trans-











It can be veried that Eq. (2.25) is satised up to terms
of O(
0
). This expression displays the subtleties of the
p; t! 0 limit. It reproduces in the chiral limit the exact
value for the condensate (see below), i.e., the condensate
is directly connected to the change in the infrared singu-
larity of the quark propagator.
As a consequence of the light-cone singularity in the
infrared, determination of the short-time behavior of
C(p; t) requires a non-perturbative calculation of the
function K(q). In terms of K
(0)
(q), the condensate is
written (cf. Eqs. (2.1),(2.11)) as
h
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Due to the scaling property (2.24) the dependence on
the regulator "
+
has disappeared entirely from the
expression of the condensate.
III. CALCULATION OF THE CONDENSATE
We now briey sketch the evaluation of the condensate
by Mellin transformation of the equation for K. The








The Mellin transform is only well dened if
  
0
<  < 0 : (3.2)
For non-negative  the integral (3.1) diverges at large
values of q, while the infrared behavior (2.27) entails the
lower limit. The Mellin transform converts Eq. (2.25)







  1 + (   1) cot

(  1) : (3.3)
























































solves the recursion relation (3.3). Condition (2.26) de-
termines the normalization N . The solution has the ex-
pected poles at the endpoints of the regularity interval
(3.2) and is free of singularities within this interval.
According to Eq. (2.30) the condensate is directly
given by the Mellin transform
h
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4is the Mellin transform of K
0
(q) for non-interacting
fermions. Expansion of the Mellin transforms (3.4, 3.6)
around  = 0, with the normalization factor N chosen
such that the singular pieces ( 1=) cancel, yields
h

































This agrees with the result obtained in [7]. In particular











rst derived in [6] is reproduced. The calculations [6, 7]
are based on low energy theorems and connect the con-
densate with properties of the mesons of the 't Hooft
model (in particular the \Goldstone boson" in the chiral
limit). In our approach with the quark propagator as the
essential ingredient, the condensate is determined by the
short-time behavior of a heavy-light quark system. The
equivalence of these quite dierent approaches suggests a
relation in light-cone quantization similar to the relation
in ordinary coordinates based on chiral Ward identities
which connects quark propagators and the Goldstone bo-
son Bethe-Salpeter wave function (cf. [11]).
IV. CONCLUSIONS
In quantum eld theory, condensates are calculated in
general as expectation values of Schrodinger operators in
the corresponding vacua. Non-vanishing order parame-
ters reect the non-triviality of the vacuum. In light-cone
quantization, the kinematical structure of the light-cone
vacuum gives rise to trivial vacuum expectation values
of Schrodinger operators which therefore cannot serve as
order parameters. On the light-cone, condensates have
to be dened as vacuum expectation values of limits of
Heisenberg operators [4]. In this way, the condensate is
obtained as the short light-cone time limit of an appro-
priate correlation function. In light-cone quantization,
non-vanishing order parameters reect the non-triviality
of the short-time limit of the relevant Heisenberg opera-
tors.
We have carried out a study of the chiral condensate of
two dimensional QCD within light-cone quantization. A
direct and explicit calculation of the condensate within
the 't Hooft model has been presented. The kinematical
structure of the light-cone vacuum has been an essential
ingredient in this calculation. Our calculation shows that
the short-time limit of the quark propagator is aicted
by non-perturbative physics. On the light-cone this cor-
relation function is singular in the infrared; the singular-
ity depends on the dynamics. The essential singularity
of the non-interacting theory is converted by the inter-
actions in QCD
1+1
to a branch point | a phenomenon
which dees a perturbative description and is responsible
for generation of the condensate in the chiral limit. The
resulting fermion correlation function diers signicantly
at short light-cone times from the correlation function of
the Gross-Neveu model. In this two dimensional model
a chiral condensate emerges in the process of mass gen-
eration [4]. Here the essential singularity in the infrared
persists, its parameters are modied by interactions. The
successful description of the condensates in these dynam-
ically very dierent models strongly supports the idea of
reconciling the non-trivial vacuum properties with the
kinematical nature of the light-cone vacuum by the dy-
namical, non-perturbative short light-cone time limit of
Heisenberg operators.
Acknowledgments M.B. was supported by a grant
from DOE (FG03-95ER40965) and through Jeerson
Lab by contract DE-AC05-84ER40150 under which the
Southeastern Universities Research Association (SURA)
operates the Thomas Jeerson National Accelerator Fa-
cility.
[1] S.J. Brodsky, H.-C. Pauli, and S.S. Pinsky, Phys. Rep.
301, 299 (1998).
[2] K. Yamawaki, in: Seoul 1997, QCD, light-cone physics
and hadron phenomenology 116-199, hep-th/9802037,
and references therein.
[3] K. Itakura and S. Maedan, Progr. Theor. Phys. 97, 635
(1997).
[4] F. Lenz, M. Thies, and K. Yazaki, Phys. Rev. D 63,
045018 (2001).
[5] G. 't Hooft, Nucl. Phys. B 75, 461 (1974).
[6] A.R. Zhitnitsky, Phys. Lett. B 165, 405 (1985).
[7] M. Burkardt, Phys. Rev. D 53, 933 (1996).
[8] A. Erdelyi, W. Magnus, F. Oberhettinger and F. Tricomi,
Tables of Integral Transforms, Vols. 1 and 2, McGraw-
Hill, New York (1954).
[9] R.C. Brower, W.L. Spence and J.H. Weis, Phys. Rev. D
19, 3024 (1979). ,
[10] L. Debnath, Integral Transforms and Their Applications,
CRC Press, Boca Raton, New York, London, Tokyo
(1995).
[11] V. A. Miransky, Dynamical Symmetry Breaking in Quan-
tum Field Theories, World Scientic, Singapore (1993).
